On the braid monodromy group of a polynomial in one variable by Kulikov, Vik. S.
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ON THE BRAID MONODROMY GROUP OF A POLYNOMIAL IN
ONE VARIABLE
VIK.S. KULIKOV
Abstract. It is proved that the braid monodromy group ΓP (z) of a polynomial
P (z) ∈ C[z], degP (z) = n, is the braid group Brn if the polynomial P (z) has n− 1
distinct critical values.
0. Introduction
Let K ⊂ Π be a subset of the complex plane Π = C consisting of n distinct
points. Denote by Brn = Brn[Π, K] the braid group of the plane Π with n strings
and σ : Brn → Sn the natural epimorphism to the symmetric group Sn.
Let P (z) = zn + cn−1zn−1 + · · ·+ c1z + c0 ∈ C[z] be a polynomial in one variable,
deg P (z) = n > 1. The polynomial P (z) defines a finite morphism pP (z) : Π := C→ C
of degree n given by w = P (z). Denote by CP (z) = {z ∈ Π | P ′(z) = 0} the set of
critical points of P (z) and BP (z) = pP (z)(C) ⊂ C the branch locus of morphism pP (z),
so that pP (z) : Π \ p−1(BP (z))→ C \BP (z) is an unramified finite cover of degree n.
Let us fix a point w0 ∈ C\BP (z) and consider a loop λ : [0, 1]→ C\BP (z) that starts
and ends at the point w0. The inverse image p
−1
P (z)(λ) ⊂ Π \ p−1P (z)(BP (z)) of the loop λ
is the n paths {b1(t), . . . , bn(t)}, bj1(t) 6= bj2(t) for j1 6= j2, that start and end at the
points lying in K = p−1P (z)(w0) = {q1, . . . , qn} which define a geometric braid b(λ). If
λ1 and λ2 are homotopic loops, then it is easy to see that the braids b(λ1) and b(λ2)
are isotopic. Therefore the lift of loops defines a braid monodromy homomorphism
βP (z) : pi1(C \ BP (z), w0) → Brn = Brn[Π, K]. The image ImβP (z) := ΓP (z) ⊂ Brn
is called the braid monodromy group of polynomial P (z). The composition µP (z) =
σ ◦ βP (z) : pi1(C \ BP (z), w0) → Sn is called the monodromy homomorphism of P (z)
and its image Imµ := GP (z) ⊂ Sn is called the monodromy group of P (z).
Obviously, a necessary condition for βP (z) to be an epimorphism is the equality
GP (z) = Sn. For example, if P (z) = z
n then GP (z) is a cyclic group of order n, and it
is easy to see that if P (z) = z4 − z2 then GP (z) = D4 ⊂ S4 is the dihedral group of
order 8. Therefore, the following question is of interest, which subgroups of Brn can
be realized as the braid monodromy groups of polynomials.
The aim of this note is to prove the following
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Theorem 1. If BP (z) consists of n− 1 distinct points, then ΓP (z) = Brn.
The proof of Theorem 1 is given in Section 2 and in Section 1, we remind several
definitions and well-known results related to the theory of braid groups (see details,
for example, in [1]) and introduce notations which are used in the proof of Theorem
1.
1. The braid groups
1.1. As an abstract group, the group Brn has the following presentation. It is gen-
erated by elements {a1, . . . , an−1} being subject to the relations
ajaj+1aj = aj+1ajaj+1 1 6 j 6 n− 1,
ajak = akaj | j − k |> 2 (1)
(such generators of Brn are called standard).
Below in this section, we remind the well-known realization of the braid group Brn
as a geometric braid group.
1.2. Let S be either the complex plane Π or a disk Dr(z0) = {z ∈ Π | |z − z0| < r}
in Π.
Let us fix a set K = {q1, . . . , qn} ⊂ S consisting of n distinct points. The elements
b of the geometric braid group Brn[S,K] are n pairwise nonintersecting paths
{(bj(t), t) ∈ S × R | t ∈ [0, 1]}, j = 1, . . . , n,
(considered up to continuous isotopy) the start points of which are (bj(0), 0) = (qj , 0)
and the end points of which belong to the set K × {1}.
A braid b defines a permutation σ(b) ∈ Sn acting on the set {1, . . . , n}, σ(b)(j) = k
iff bj(1) = qk.
The product of braids
b1 = {(b1,1(t), . . . , b1,n(t), t) and b2 = {(b2,1(t), . . . , b2,n(t), t)}
is the braid b = b1b2 = {(b1(t), . . . , bn(t), t)}, where
bj(t) =
{
b1,j(2t), if 0 6 t 6
1
2
,
b2,σ(b1)(j)(2t− 1), if 12 6 t 6 1,
j = 1, . . . , n.
Let lj ⊂ S be a smooth path connecting the point qj with the point qj+1 such that
lj ∩K = {qj , qj+1} and let U ⊂ S be a sufficiently small neighborhood of the path lj
such that K ∩ U = {qj , qj+1} and there is a diffeomorphism ψ : D1+ε(0) = {z ∈ C |
|z| < 2+ ε} → U preserving the ”complex” orientation and such that ψ([−1, 1]) = lj,
where [−1, 1] is the segment in the disk D1+ε(0),
[−1, 1] = {z ∈ C |Re z ∈ [−1, 1], Imz = 0 },
ψ(1) = qj , ψ(−1) = qj+1. The braid b(t) = {(b1(t), t), . . . , (bn(t), t)}, where
bk(t) =


qk for k 6= j, j + 1,
ψ(epiit) for k = j,
ψ(epii(t+1)) for k = j + 1,
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is called a half-twist associated with the path lj. (Below, we will assume that ψ :
D1+ε(0)→ U is a bi-holomorphic isomorphism.)
Let us choose n− 1 smooth paths lj ⊂ S, j = 1, . . . , n− 1, that start at the points
qj and end at qj+1, and such that the path l = l1 ∪ · · · ∪ ln−1 is a simple path without
self-intersections (such collection of the paths lj is called a frame of the pair (S,K)).
Then the set {a1, . . . , an−1} ∈ Brn[S,K] of the half-twists associated with the paths
lj defines an isomorphism between Brn[S,K] and the abstract braid group Brn.
1.3. Let n = 2. The abstract braid group Br2 is generated by the standard generator
a1.
Consider a geometric braid b = {(b1(t), t), (b2(t), t)}. Let q2 − q1 = |q2 − q1|eϕi,
then there is a continuous function argb : [0, 1] → R such that argb(0) = ϕ and
q2(t)− q1(t) = |b2(t)− b1(t)|eargb(t)i. The number
Nb =
1
pi
(arcb(1)− arcb(0)) ∈ Z
is called the number of half-twists of b. Obviously, if braids b1 and b2 are isotopic,
then Nb1 = Nb2 . In addition, we have Nb1b2 = Nb1 + Nb2 . Therefore the map N :
Br2[S,K]→ Z sending braids b to Nb is a homomorphism of groups.
Lemma 1. Let l ⊂ S be a frame of (S,K) and b a half-twist associated with the path
l. Then Nb = 1 and, in particular, b is a standard generator of Br2[S,K].
Proof. The bi-holomorphic map ψ : D1+ε(0) → U , involved in the definition of the
half-twist b, defines a holomorphic function w(z) = ψ(z) − ψ(−z) on D1+ε(0) such
that w(z) = −w(−z). Denote by arg w(z) a continuous branch along the path γ =
{epiti}t∈[0,2] of the function Arg w(z). Obviously, Nb = 1pi (arg w(epi1i)− arg w(epi0i)).
We have
arg w(epi2i)− arg w(epi1i) = arg w(epi1i)− arg w(epi0i),
since w(z) = −w(−z). It is easy to see that w(z) = 0 only if z = 0 and the order of
zero of the function w(z) at z = 0 is equal to 1. Therefore, by the argument principle,
arg w(epi2i)−arg w(epi0i) = (arg w(epi2i)−arg w(epi1i))+(arg w(epi1i)−arg w(epi0i) = 2pi
and hence arg w(epi1i)− arg w(epi0i) = pi. 
2. Proof of Theorem 1
2.1. Consider a polynomial P (z) = zn + cn−1zn−1 + · · ·+ c1z + c0. First of all, note
that after the coordinate change w˜ = w − c0 in C, the morphism pP (z) : Π → C is
given by w˜ = zn + cn−1zn−1 + · · ·+ c1z. So, without loss of generality, we can assume
that c0 = 0.
Denote by P ≃ Cn−1 the affine space of polynomials P (z), degP (z) = n, of the
form zn+ cn−1zn−1+ · · ·+ c1z and let C ⊂ P be the set of polynomials P (z) such that
BP (z) consists of n−1 distinct points. Let us show that C is everywhere dense Zariski
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open subvariety in P. For this, consider in P × Π ≃ Cn the smooth hypersurface P ′
given by
nzn−1 + (n− 1)cn−1zn−2 + · · ·+ c1 = 0.
Obviously, the restriction h : P ′ → P of the projection pr : P × Π → P to P ′ is a
finite morphism of degree n− 1. Note that the morphism h can be considered as the
composition of two dominant morphisms h1 and h2, where h1 : P ′ → P × C is the
restriction to P ′ of morphism id× p : P × Π→ P × C given by
(cn−1, . . . , c1, z) 7→ (cn−1, . . . , c1, zn + cn−1zn−1 + · · ·+ c1z)
and h2 : V = h1(P ′)→ P is the restriction to V of the projection pr : P × C→ P.
It is easy to check that for the polynomial P0 = z
n− nz ∈ P the preimage h−12 (P0)
consists of n− 1 distinct points. Therefore deg h2 > n− 1 and hence, deg h2 = n− 1,
and h1 : P ′ → V is a bi-rational morphism such that h1 : P ′\h−11 (SingV)→ V\SingV
is a bi-regular morphism, where SingV is the set of singular points of V. Consequently,
C = P \ (D ∪ h2(SingV)) is an everywhere dense Zariski open subvariety (here D is
the hypersurface in P given by ∆n−1 = 0, where ∆n−1 is the discriminant of the
polynomial nzn−1 + (n− 1)cn−1zn−2 + · · ·+ c1.
In particular, note that C is a connected set.
2.2. Let us show that it suffices to prove Theorem 1 for a particular polynomial
P0(z) ∈ C. Indeed, let P1(z) and P2(z) ∈ C be two very closed to each other
polynomials. Then the sets BP1(z) and BP2(z) are very closed to each other, and
the sets p−1P1(z)(w0) and p
−1
P2(z)
(w0) are also very closed to each other for a point
w0 ∈ Π\ (BP1(z)∪BP2(z)). Therefore we can identify the groups Brn[Π, p−1P1(z)(w0)] and
Brn[Π, p
−1
P2(z)
(w0)] and identify the groups pi1(C\BP1(z), w0) and pi1(C\BP2(z), w0) which
are isomorphic to the free group Fn−1 generated by elements represented by simple
loops λj around the very close points w1,j ∈ BP1(z) and w2,j ∈ BP2(z), j = 1, . . . , n−1.
These identifications imply that the groups ΓP1(z) and ΓP2(z) are isomorphic, since the
geometric braids p−1P1(z)(λj) and p
−1
P2(z)
(λj) are also very closed to each other for each
j = 1, . . . , n − 1. Therefore the isomorphisms of the groups ΓP (z) for all P (z) ∈ C
follows from connectedness of C.
2.3. Consider the polynomial P0(z) = z
n − nz. We have
CP0(z) = {e2pi(j−1)i/n−1}j=1,...,n−1 and BP0(z) = {wj = (1− n)e2pi(j−1)i/n−1}j=1,...,n−1.
Let w0 = 0 and
K = p−1P0(z)(0) = {q1 = 0, q2 = n−1
√
ne2pi(2−2)i/n−1, . . . , qn = n−1
√
ne2pi(n−2)i/n−1}.
Denote by Dr(w1) = {w ∈ C | |w − w1| < r} the disk of radius r > 0 with center
at w1.
The set p−1P0(z)(w1) consists of n − 1 points z1 = 1 − n, z2, . . . , zn−1 and there is ε0
such that
1) p−1P0(z)(Dε0(w1)) =
⊔n−1
j=1 Wj is the disjoint union of neighborhoods of points zj ,
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2) pP (z0)|Wj : Wj → Dε0(w1) are bi-holomorphic maps for j > 1 (denote by
φj : Dε0(w1)→Wj the inverse maps),
3) pP (z0)|Wi : W1 → Dε0(w1) is a holomorphic map of degree 2.
In addition, we can assume that there is a bi-holomorphic map ϕ1 : D√ε0 = {z˜ ∈
C | |z˜| 6 √ε0} → W1 such that pP0(z)|W1 ◦ ϕ1 : D√ε0 ≃ W1 → Dε0(w1) is given by
w = w1 + z˜
2.
Let us choose ε < ε0 such that ϕ1(D√ε) ⊂ {z ∈ Π | |z −
n−1√n
2
| 6 n−1
√
n
2
} and put
Vj = Wj ∩ p−1P0(z)(Dε(w1)), where Dε(w1) is the closure of Dε(w1) in Dε0(w1).
Consider a loop λ1 around the point w1 that begins and ends at the point w0,
λ1(t) =


λ1,1(t) = 3(1− n+ ε)t for t ∈ [0, 1/3],
λ1,2(t) = 1− n + εe2pi(3t−1)i/3 for t ∈ [1/3, 2/3],
λ1,3(t) = −3(1− n+ ε)(t− 1) for t ∈ [2/3, 1].
Proposition 1. The geometric braid b1 = p
−1
P0(z)
(λ1) = {b1,1, . . . , b1,n} is isotopic to a
half-twist associated with the path Λ1 = {z = x+ iy ∈ Π | x ∈ [0, n−1√n], y = 0}.
Proof. Each strand b1,j of the braid b1 is the union of three paths, b1,j =
⋃3
l=1 b1,j,l,
where
b1,j,l = {(b1,j(t), t) | pP0(z)(b1,j(t)) = λ1(t), t ∈ [(l − 1)/3, l/3]}, l = 1, 2, 3.
Note that b1,j,1(t) = b1,j,3(1− t) for each j > 2 and t ∈ [0, 1/3].
To describe the functions b1,j(t), j = 1, 2, consider the graph of the function τ =
P0(x), x ∈ [0, n−1
√
n], depicted in Fig. 2. The parts of this graph from (0, 0) to A and
from ( n−1
√
n, 0) to B define two functions x = f1(τ) and x = f2(τ), τ ∈ [1−n+ ε, 0].
, ✲
✻
x
τ
r
r
1
r
n−1
√
n
r1− n ...............................
r1− n+ ε .......................................rA rB
Graph of function τ = xn − nx, x ∈ [0, n−1√n].
Fig.1
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Then
b1,1(t) =


b1,1,1(t) = f1(3(1− n+ ε)t) if t ∈ [0, 1/3],
b1,1,2(t) = ϕ1(
√
εepi(3t−1)i) if t ∈ [1/3, 2/3],
b1,1,3(t) = f2(3(1− n+ ε)(1− t)) if t ∈ [2/3, 1]
and
b1,2(t) =


b1,2,1(t) = f2(3(1− n+ ε)t) if t ∈ [0, 1/3],
b1,2,2(t) = ϕ1(
√
εe3piti) if t ∈ [1/3, 2/3],
b1,2,3(t) = f1(3(1− n+ ε)(1− t)) if t ∈ [2/3, 1].
Denote by U1 = b1,1,1(t) ∪ b1,2,1 ∪ V1 and Uj = b1,j+1,1 ∪ Vj for j = 2, . . . , n− 1. It
is easy to see that Uj1 ∩ Uj2 = ∅ if j1 6= j2.
Consider the map h : [1/3, 2/3]× [0, 1]→ Dε(w1) given by the rule
h(t, τ) = 1− n + ε(e2pi(3t−1)i/3(1− τ)) + τ).
The map h defines the continuous family of braids βτ = {(β1,τ(t), t), . . . , (βn,τ(t), t)},
where βj,τ(t) ≡ b1,j(t) if j = 1, 2, βj,τ(t) ≡ b1,j(t) if t 6∈ (1/3, 2/3), and βj,τ(t) =
φj−1(h(t, τ)) for τ ∈ [1/3, 2/3] and j > 2. The family of braids βτ defines an isotopy
in Π × R between the braids b1 = β0 and β1, since Uj1 ∩ Uj2 = ∅ if j1 6= j2 and
βj,τ (t) ∈ Uj−1 for j > 2 and (t, τ) ∈ [0, 1]× [0, 1].
Note that βj,1(t) = βj,1(1 − t) for j > 2 and t ∈ [0, 1/2]. Therefore the family of
braids β˜τ = {(β˜1,τ (t), t), . . . , β˜n,τ(t)}, τ ∈ [0, 1], where β˜j,τ(t) ≡ βj,1(t) for j = 1, 2
and
β˜j,τ(t) =
{
βj,τ (t) if 2t 6 1− τ or 2t > 1 + τ,
βj,τ (
1−τ
2
) if 1− τ 6 2t 6 1 + τ
for j > 2.
The family β˜τ defines an isotopy between the braids β1 = β˜0 and β˜1. Therefore the
braid b1 is isotopic to the braid β˜1 = {(b1,1(t), t), (b1,2(t), t), (q3, t), . . . , (qn, t)}.
The points q2, . . . , qn belong to the circle ∂D n−1√n(0). Therefore if a positive δ ≪
1, then qj 6∈ D n−1√n
2
+δ
(
n−1√n
2
) for j > 2 and hence, ”forgetting” about the strands
(q3, t), . . . , (qn, t) of the braid β˜1, we obtain the braid β˜
′
1 = {(b1,1(t), t), (b1,2(t), t)} ∈
Br2[D n−1√n
2
+δ
(
n−1√n
2
), {q1, q2}]. Applying Lemma 1, we obtain that the geometric braid
β˜ ′1 is isotopic in D n−1√n
2
+δ
(
n−1√n
2
)× R to the half twist associated with the path
Λ1 = {t+ (1− t) n−1
√
n}t∈[0,1] ⊂ D n−1√n
2
+δ
(
n−1
√
n
2
)
connecting the points q1 and q2, since Nβ˜′1
= 1. Therefore the braid β˜1 (and hence,
b1) is also isotopic to the half twist b˜1 associated with the path Λ1. 
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2.4. The fundamental group pi1(C \ BP0(z), 0) is generated by elements represented
by the loops λj = e
2pi(j−1)
n−1 iλ1 and the subgroup ΓP0(z) ⊂ Brn[Π, K] is generated by
the braids bj = p
−1
P0(z)
(λj), j = 1, . . . , n − 1. Note that if we take new coordinates
w˜ = e
2pi(1−j)
n−1 iw in C and z˜ = e
2pi(1−j)
n−1 iz in Π, then in the new coordinates, the morphism
pP0(z) : Π → C is given by the same formula w˜ = P0(z˜). Therefore the braids bj =
e
2pi(j−1)
n−1 ib1 are isotopic to the half-twists b˜j associated with the paths Λj = e
2pi(j−1)
n−1 iΛ1.
2.5. Let us choose a frame {l1, . . . , ln−1} of (Π, K) as follows: l1 = Λ1 and
lj = {e
2(j+t−2)pii
n−1 n−1
√
n}t∈[0,1], j = 2, . . . , n− 1,
are the circular arcs of the circle ∂D n−1√n(0) between the points qj and qj+1. The
half-twists aj , associated with the paths lj , generate the group Brn[Π, K].
It is easy to see (if to ”straighten” the frame (see Fig. 2))
q
q1
q
q
. . .qqqqqn . . . qqjqqj+1
q
q1
. . .qqqq
qn
. . . q
qj
q
qj+1
aj
Fig. 1
that, as elements of Brn[Π, K], we have
b˜1 = a1, b˜j = (aj−1 . . . a1)−1aj(aj−1 . . . a1), j = 2, . . . , n− 1.
Therefore the elements b˜j , j = 1, . . . , n− 1, also generate the group Brn[Π, K]. 
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